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Abstract. A supersymmetric quantum algebra is generated by irredncible tensor operators in
respect to the algebra su,(2). The even generators are realized as tensor products of g-boson
creation and annihilation operators, transforming as su, (2} spinors and acting as odd generators.
In this way the transformation properties of all the algebra’s generators in respect to the g-
deformed algebra of the angular momentum are simultaneously preserved, which is important
in view of future applications in physics. In the limit g —» I the classical Lie superalgebra
sp(4. R} or the osp(1]4) is recovered.

1. Introduction

Recently, there has been intense exploration of quantized universal enveloping algebras
{QUE-algebras) so named by Drinfield [1] and Jimbo [2]. In physical applications ‘quantum
deformations’ are very useful as they provide one or more additional parameters [3]. In their
‘classical’ limit to special parameters’ values, the g-deformed algebras yield a conventional
Lie algebra in analogy with the # — O limit in the transition from the quantum to
classical mechanics. Hence quantum algebras become relevant in physics where the limits
of applicability of Lie algebras are stretched. They could be used to describe perturbations
from some underlying symmetry structure, which appear in many problems in statistical
mechanics [4], quantum field theory [2], nuclear and molecular spectroscopy [3, 6], quantum
optics [7] and so on. ;

In order io apply a quantum algebra in physics, a well developed theory of its
representations is needed. One of the most successful sieps in developing the quantum group
representations was the introduction of their g-deformed oscillator realization in [8,9]. The
oscillator algebra basis in the deformed case satisfies the relations

] T_ -1

a,—a?—qa,@,—:q“”’ aa; —g a,.a,-=qN" i=12,...,r (L

and

Noai] = —a,  [Nuall=al @

where the hermitian conjugate creation a:r and annihilation a; ; (a:.T )1L = g; operators are
the g-analogs of boson cperators and N; are their corresponding number cperators.

In the case of g not being a root of unity the properties of the quantum algebras are
quite similar to those of classical Lie algebras in connection to their representation theory

and, as a result, to their possible physical applications. The boson realization method
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was applied to construct representations of Lie algebras [10, 11], Lie superalgebras [12,13]
and loop algebras [14]. The convenience of the g-boson oscillators in the representation
theory of quantum algebras naturally suggests the definition of tensor operators in terms of
these oscillators [15-18]. In various physical models, especially in nuclear structure theory,
irreducible tensor operators, in respect to the principal subalgebra of the angular momentum
[19], are used as generators of the dynamical symmetry algebra [20-22]. This permits an
easy calculation of the matrix elements of these operators in an appropriate basis by means
of the Wigner—Eckart theorem.

The quantum generalization of the theory of the imreducible tensor operators and their
products is reasonably well developed for the guantum algebra U, (su(2)) [23-25], which
can be considered as the g-analog of the quantum theory of angular momentum. In particular
the Clebsh—Gordon coefficients (CGC) and the symmetry relations between them are derived
in several papers (see for example [23] and the references therein). In this work the CGCs
and the definition of irreducible tensor operators from [24] will be used. There the Wigner—
Racah algebra for su,(2) is constructed by means of projection operators. The advantages
of this approach are its independence of the explicit realization from the generators and the
basis vectors and the analogy with many of the formulae of the quantum theory of angular
momentum, when an ordinary ¢-number x is replaced by a g-number

qx _ q—x
g—g7"

In view of future applications, especially in nuclear physics symmetry problems [20-22]
we develop a method for constructing a supersymmetric quantum algebra, whose generators
are su,(2) irreducible tensor operators. In this way the transformation properties of
the creation and annihilation operators and the algebra generators with respect to the
sug(2) algebra of the angular momentum are simultaneously preserved. Coming from
a nuclear physics background we have turned our attention to the g-deformation of boson
representations of symplectic algebras as they play the role of dynamical symmetry algebras
in various phenomenological and microscopic models [20-22] developed in this field. As a
first step we consider a g-deformation of the sp(4, R), which by itself is of physical interest
[26]. In the classical case [27] the Sp(4, R) algebra already illustrates the problem of the
boson realization of an Sp(2d, R) Lie algebra for any integer 4 and for an arbitrary irrep
of the Sp(2d, R) group. The sp(4, R) has a u(2) subalgebra and thus the whole analysis
can be made using the well developed Wigner—Racah algebra.

As our results are an attempt at the deformation of sp(4, R), a brief review of the
notations and definitions used is given in section 2. The irreducible tensor operators ITO of
rank % are expressed by means of two g-boson creation and annihilation operators. Then
the ITOs of rank 1 are constructed as tensor products of the su,(2)-spinors. Some properties
and relations between the obtained ITOs are discussed in section 3. The super algebra’s
structure, generated by the g-tensor operators introduced, is investigated in section 4.

[x] = [x]q-l-l —>X. €))

2. Initial definitions and notations

In this paper the Jordan-Schwinger realization [8, 9] of the quantum analogue of the su(2)
algebra constructed by means of two g-deformed boson operators a; and 4;, { = 1, 2 which
obey relations (1) and (2} is used:

_ N — N,

2 @

h=da L=da &
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These operators satisfy the commutation relations:

27 =21
q 0 —-q ]

— ®

[Jo, Jel = £Js [y, J-1=[24]) =
The normalized states |jm), are subsequently g-analogues of the familiar quantal angular
momentum states of the basis of the finite-dimensional 1rreducible representation D/. The
allowed values of the ‘angular momentum’ are j = 0,1 3+ 1, ... and respectively for its
‘projection’: m = j, j —1,..., —j. Hence, there is an analogy between the dimensions of
the irreps D/ of su,(2) and su(Z): dimD/ =2+ 1.
The action of the su,(2) generators on the basis vectors gives

Jeljm) = (f Fmllj £m+ 1D jmE1). (6

The generalization of the vector addition of angular momenta j; and j, to the g-deformed
case, as in the ‘classical’ case, is defined by the expansion of the direct product of the
tepresentations D/t @ D/ in irreducible components (the Clebsh—Gordon series). The
structure of the Clebsh~Gordon series for the su,(2) algebra is the same as for the classical
su(2),

- Al K< h+i2 m=—j—j+1....f. N

In the theory of quantum algebras the action of its generators on the direct (tensor) product of
irreducible representations is given by a non-co-commutative co-product. So the components
of the total angular momentum J of a quantum system consisting of two subsystems 1 and
2 are modified in the following way:

Fo = Jo(1) + Jo(2) (8a)
Ji = Jp(1)gh® + g=oW . (2). ' (8)

By definition, compatible with the formula following from the Clebsh—Gordon series , the
CGCs relate vectors belonging to coupled and uncoupled bases:

| jijas Jm)g =Y gClm s | 1 (D} joma(2) . ©)
my, iz
In this paper the explicit expressions for the ij’; jm, ODtained in [24] are used.

The €GCs are calculated as matrix elements of projection operators between vectors of the
uncoupled basis (right-hand side of (9)). The projection operators are expressed in terms of
powers of the generators Ji. (8%), and do not depend on their explicit representations.

The method of derivation of the CGCs insures their orthogonality and normalization. In
the limit ¢ — 1 the algebraic expressions for the particular coefficients we use reduce to
the corresponding standard expressions for the CGCs of su(2). In our work the symmetry
in relation to the sign reversal of all the projections my, m, and m,

Wors = ()it Ll (10)

Jimy jama Ji—my j1—mg

and the permutation symmetry property

CJ"’ =(— 1).i1+.iz—f 1C"m (11)

Jimy jama Jarma ju



1254 A Georgieva and Ts Dankova

are used more often. .

Now the definition of the g-deformed ITO of rank ! can be given. As in the ‘classical
case’ of su(2) the set of 2I + 1 components T, , (¢ = [,I —1,..., 1) will be called
components of a g-analog of the ITO in respect to su, (2) if the action of the group generators
on the tensor operators is similar to their action on the vector states |jm) (6). But in the
quantum case the action of the g-generators is defined by means of their co-product (8).
As a result the g-tensors components obey the following commutation relations with the
generators of the su,(2) algebra: ’

o, Tl =«T, ' (12a)
JuThe= g THe + (U T« £k + 1DV2T! 070 (12b)

Furthermore it is proven [7, 15,25] that 2 Wigner-Eckart theorem can be formulated for
these tensor operators, Thus the problem of calculating their matrix elements is reduced
to calculating the reduced matrix elements (/|| T?[|j#} with coefficient proportional to the
CGCs.

After formulating the ‘quantum’ tensor operator 7 the su,(2) basis’ vectors T}|jm),
which transform according to the direct product D/ ® D' can be presented as linear
combinations by means of the CGCs of the vector components |rs) transforming according
to the irrep D":

JTHjmy =Y g€y 11 js rs). (13)
Ny

Using this type of ‘mapping’ it is easy to prove that there exists an algebra of g-tensor
operators generated by tensor products of ITOs, which are by themselves irreducible tensor
operators [15]:

AT @ T} = Z,,C{;jm 7. (14)

e

We are now ready to investigate what type of tensor algebras can be generated by the two
g-boson creation and annthilation operators a:f,-a.i i = 1,2 (1), which are used for the
Gordon—-Schwinger realization of the sug(2).

3. Construction of g-tensor operators and their properties

The su,(2) algebra (5) can be generated by the operators (4) expressed in terms of g-
boson creation and annihilation operators a;, ¢;, { = 1,2. These operators by themselves
close a deformation of the Heisenberg algebra—i(1) and (2). We would like to clarify the
transformation properties of the creation and annihilation operators in respect to the su, (2)
representations. As a first example of a g-tensor operator Biedenharn [15] defines the pair
of creation operators

alg®2 oy =alg M as)

t 1_1
FA!

L L
I
Thus (15} is a g-tensor operator of rank % as its two components obey the conditions (124,
bforl= % It is easy to see that the pair of annihilation operators

Ba=a"Pag™? § 1 =-g"ag""” (16)
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satisfy the same conditions (12a, b) thus representing another g-tensor operator tu o+ From
the hermitian conjugation of the creation and annihilation operators follow the conjugation
relations between the two g-spinors:

)l = (1% g5 . G = D% Vg an
They are exactly the same as for the usual su(2)-spinors, when ¢ — 1. With the two g-

tensor operators of rank _1?: t12 and f /2, three different tensor products can be constructed.
Each one can be co-multiplied by itself:

@

{t%®t%}=l,mT,f1 1=0,1 m=~,—~I+1,...,1 (18)
and
L @f}= lmTI' 1=0,1 m=—l,—1+1,...,1. (19)

Inserting in (14) the necessary ,CGCs, calculated from the tables in [24], the explicit
representations of the components of the g-tensors T; and T'uI in terms of g-bosons g;
and g;; i = 1,2 is obtained:

T T)Z Ny T—11 (GT)Z -Ny Tg=mafaiq—lo

(20
B =g"@i'¢™ Ti=q@ie™ T=-/Dans™ '
. The tensors carry the scalar representations in (18) and (19) and 72 = 0 and f"(? =0as

a result of (1) and the CGCs symmetries (11). The conjugation relations for the operators
(20) read

@bt = (1027, : ‘ , @1
(T = (—1¥e9g~T! . (22)

The third possible ¢-tensor product is obtained by multiplication of the two conjugéted
¢-Spinors:

@

! — —_— —
1@ lmL =01 m=-I,=-Il+1,...,1. (23)

m

The three-dimensional q-tensor opcrator LY m = 0, £1 has the explicit realization, in terms
of g-bosons,

Ll =g iaTazq (N +Na2) /2 — q—1J+q—fo Ll_ — _qalalq—(N[%‘Nz)fZ — __qJ_q—Jo
1 ; 1
L= ——(g"'dag™ — galmg™) = ——=(¢7'[Malg™ — q[M,]g" @4
1] [2]( a2 [ ) ’\/[iT( 1 )

(7' -Jy— gl ) = —~——-(q"[2fo]+(q q~') 1)

]| —
ﬁ|
—|
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The components of this operator actually represent su,(2) generators (5) as irreducible
g-tensor operators. This tensor product also carries a one-dimensional scalar representation

1 N
Ly = ﬁ(ai aa ™ +alag") = % (25)

where N = N; + N; is the total number of bosons. It should be noticed that the
decomposition (23) is obtained from {t% ® f% 1, e.g.

1 im ) =
Ln = 2 aClh i = 2 aCli i @)

The conjugation relations for the components of the operator L}, which follow from (1) and
the symmetry properties (10) and (11) of the CGCs are

LT = (1) gLt @7)

which contracts to the conjugation relation of irreducible tensor operator of rank 1 of su(2)
or the Cartan components of the angular momentum operator, when ¢ — 1. With the help
of the relations (1) and (2} and the g-boson realization (4) of the su,(2)-generators it can
be verified that all three tensors 7,1 , T} (21) or L} (24) are of rank 1 since each ones’
three components satisfy the definition (12) for [ = 1.

At the end of this section two more relations are presented, which are derived from (24)
and (23) and are used in the following calculations:

VBRI, 2

L} +qLy =2 [Nlg™ = TEr= A
(28)
B— a1 = —VBI g = Y - g,

From (28) the operators g” and g™ can be expressed by means of the m = 0 components
of the L! ;1 =0, 1 operator and the operator g—2%.

4. Algebraic structure generated by the tensor operators

In this approach we create a g-deformed algebra by preserving the transformation properties
in relation to the su,(2) of the basic oscillators and their tensor products, which play the
role of generators. Thus an algebra of g-tensor operators is generated by their components.
Usually, when an algebra is deformed, it is difficult to see what type of g-commutators are
satisfied by the generators of the g-deformed algebra. In [28] a g-deformed superalgebra
is closed by satisfying usual commutation and anticommutation relations [28] between
the components of the g-tensor operators of rank % and 1. The even part is a boson
representation of a g-deformation of the Sp(4, R) algebra which is enlarged with one more
generator—g 2%, Tt commutes with all the other generators in the following way:

q--lfa If = q—-ZmIn' —2Ja (29)
where I! is any of the fourteen components of the operators (15), (16), (20), (24) and (25).
But this is a kind of a spurious generator, since in the limit ¢ ~> 1, g~2% — 1 the classical
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boson representation of the sp(4, R) algebra is recovered, Moreover it is easy to cancel it
in the so-constructed superalgebra, if all the fourteen even and odd generators are rescaled
in the following way:

= —k =41 f1_ = - =41
:_;_‘m =fimq® m==%] fim g__12_'mq " m==4% (30a)
Tp =l +8molFpg™™®  I=1 m=0£l .
Tt = /11 + 8molGL g7 i=1 m=0,%1 (308)

P = T+ 8n0lAl g2 1=0,1 m=0,=%I.

Obviously, as a result of (30) all the usual commutators and anticommutators in [28]
transform to g-commutators and g-anticommutafors: :

(s,

" ?

5% \ag = S8 52 £q¥S% SH (31)
where St mo S’é_m are any of the operators from (30) and v depends on the projection
indexes m;, m, of the two ITOs taking part in them. There is also a minor change in the
rescaled operators defining properties as ITOs. The first term in (125) is multiplied by g7
for the the rank 1 tensors (30b) and by ¢¥! for the rank % tensors.

As the building blocks of the algebra investigated are the spinor operators (15) and
(16), their rescaled components from (30z) are considered as odd generators. The g-
anticommutators of the odd generators, calculated with the use of the basic relations (1) and
(2) between the ¢ boson creation and annihilation operators, are

Uimp Fymbe =a™ 7214 g™ Fy o,
[g%,rm ' 8L .my }q“ = g(m1+m2)/2( 1-4-g™™™) Gf1111+m1 (32)

{f%,mj ’ g%,mz }q” = q(m]+m2)/2(1 + qmz—ml)(A:m-[-mz + 2m2 aml,—mz qf’an Lg) + zmzaml.—mz

where v = m» — n1;. Hence the anticommutators of the odd generators, as in the classical
case, behave as a representation of the even part of the g-deformed super algebra. The
last equation in (32) naturally suggests the introduction of a combination of the m = 0
components of the AL ; (! =0, 1) operators. Hence, instead of the rescaled standard cyclic
components of the angular momentum operator (305), which commute in the following
way:

[Amy» Aplgrommmy = [y —malg ™™ AL (33)

we will use the combinations like (28) denoted as operators with two ‘projection’ indices

(34)

=0 when m = +£1
A = AL+ 350" A {’L

p==xt when m = 0.

The Ag operator is an invariant of this algebra, (33), because it commutes with the
operators A,

(AL, Al =0. (35)
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In all the commutators between the even generators the power of the defining term g% is
Ve =2 (my —my) as in (33).

In the previous section an other two g-tensor operators T, and 7}, carrying the three-
dimensional m = 0,41 imeducible representation of su,(2) were constructed. They
differ from the L,‘n operator, discussed above, in the commutation relations between their
components. The relevant relations between their rescaled (305) counterparts are

[Fnlu ' F,,.l,zjqw = Iml - m2]q_(MI_mz)A'FOI Frr1:1+mg (36)
[GL, GLlgwe = [my — mplq~ ™G G

where A = (g — g™"). For ¢ — 1 the components of these g-tensors commute.The tensors
F! and G. have the structure of raising and lowering g-deformed pair operators (20) and
AL (24) and AJ (25) of the g-deformed multipole operators. The commutation relations
(33) and (36) between the components of the three first-rank tensors close into themselves,
so generating three g-deformed subalgebras. The g-commutators (36), which — 0 in the
classical limit of ¢ — 1 are now guadratic and proportional to the product of the m = 0
component with the component with the correct projection, according to the CG expansion
(14), of the relevant tensor. The number of the components of the g-tensors introduced
((20), (24) and (25)) is exactly 10, which is the number of the sp(4, R) generators, In
order to close such a type of a larger algebra, the g-commutation relations between the
subalgebra’s generators (33) and (36) have to be calculated, We start with the commutators

between the raising, F,},, and lowering G,l,,, pair, operators:

[F,s Gh Lammm) = g — malq ™™™ {(2 — 3 Ay ) Ammysmamy +12g™) m1 £ 0
(37)

[Fol? G}nz]qz"‘z = q?m 'A'M:,.D(z —A AO.M:) my 5‘1'- 0
[F), Gl =1+g" 401 —gAo—1-

These commutators are also with a quadratic term proportional to the components
of the angular momentum operator in a way which gives, in the limit ¢ — 1, the
relevant commutation relations of the classical Lie algebra of Sp(4, R). Furthermore, the
commutators between the g-deformed multipole operators Ay, ,, (m =0,+1; p==1,0)
(34) and the pair operators F,, and GI, for m = 0, &1 are proportional to the components
of the pair operators taking part in them, respectively:

[Amy s Py lgee = lmy —ma + g™ ™0 FL L -
WAy i G Jgue = [my — mp + plg™™"®GL

Equation (38) are easily calculated using the g-tensorial definition (20) of the components
of the 7;! and f',,ﬁ operators and the representation of L1, (24) in terms of the su,(2)
generators J respectively. In the limit g — 1 (36)—~(38) correctly reproduce the relevant
commutation relations of the tensor representation of the classical Sp(4, R). In summary,
the nine components of the rescaled (30b) three g-tensor operators of rank 1 — T, !
and L1; (m = 0,%1) and the scalar LY commute as generators of a g-deformed algebra
which in the limit ¢ — 1 reproduces the commutation relations of the generators of the Lie
algebra of Sp(4, R) in terms of irreducible su(2) tensor operators. The quantum algebra
constructed in this way represents the even part of a g-deformed superalgebra.
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~ In order to close the superalgebra we have tq determine the commutation relations
between the even and odd generators. In this case they are determined by the power
Veo = 2mz — my. We start with the g-tensor f} , and its co-product Fl:

s Frmlaw =42 (L= @™ ™) F§ f1 n my - (39)

In the limit g — 1 all the commutators (39) are 0.
The g-commutators [G g1 algw form=0,+land o = i ‘coincide with (39) when
replacing the {F}, {f} operators ‘with their conjugated counterpans (17) and (21).

[G}ﬂl.’g%,mzqu = q-m;& (1 _ q2m—m:) G[]j g%.m_|+mz . (40)
The mixed commutators of {F} with {g] are as follows:
[F,, m1? 81m o= =4 21 — g™ ™) Ap oy + (1 — 2m3) qz’"z}f.;.,m,m- (41)

By conjugating (41) and movmg the resulting 8L = il component to the right-hand
side we obtain

[Grys Frmplowe = @2 @0~ H(1 = g™ 7™) Ag,—om, — Iy = 2m2)l8L iy, - (42)

At the end the commutators of the multipole g-operator are A, , with the two g-spinors
are ‘

s Fymolo = (g™ Gy — 2m2) + 8,00™ = 4*)A0.0} Fy myms
L (my — 2m2) + 8,0 (0™ — 47) Ao~} 8 i -

Thus a g-deformation of a superalgebra, defined by the relations (32)-(43) is obtained.
All the commutation relations, except those between the odd generators (32), between
the cyclic components of the angular momentum operator (33) and between the multipole
and pair operators (38) are quadratic. The even part itself becomes a quadratic sp,(4, R)
algebra {29]. As a result a g-deformation of the oscillator realization of the sp(4, R) is
obtained, which is an embedding of a representation of the sp,(4, R) superalgebra in the
infinite-dimensional associative superalgebra of the su,(2)-spinors . In the limit ¢ — 1
the deformed superalgebra contracts to the sp(4, R) superalgebra. The algebra is realized
by co-muitiplication of boson creation and annihilation operators only, with well defined
transformation properties with respect to the irreducible representations of its subalgebra
sttg(2). The co-multiplication preserves the commutation relations, which permits the use of
direct products of representations in the construction [30]. Hence the algebra generators are
g-tensor operators, which makes the subsequent investigation of the vector representations
and the calculation of the matrix elements of the generators easier. The generalization of
such a realization of the g-deformed sp(2r, R) forn = 1,2, ... is possible [31].

Usually the quantization of a simple Lie algebra [10, 11] or Lie superalgebra [i2, 13]
is realized in terms of its Chevalley generators. Such a deformation of the osp(l, 2n) (or
B(0, n) in Kac’s notation) is realized in terms of creation and annihilation operators of n
ordinary harmonic oscillators in [13]. In our work the whole Cartan—Weyl basis of a real
form of the g-deformed osp(l,4) algebra is obtained (for ¢ real). We use the notation
sp(4, R) superalgebra as it is more popular in physical applications and stresses that the
even part sp(4, R) is a subalgebra, which can be investigated and applied independently.
These type of algebras are of physical interest for application in nuclear structure models.

, (43)
[Ays 81l = g
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